The kinetics of the deposition of colloidal particles onto a solid surface is theoretically studied. We take into account both the diffusion of particles from the bulk as well as the geometrical aspects of the layer of adsorbed particles. We derive the first kinetic equation for the coverage of the surface (a generalized Langmuir equation) whose predictions are in agreement with recent simulation results where diffusion of particles from the bulk is explicitly considered.
The adsorption of latex spheres onto a flat solid surface is a simple model system where considerable work has already been done [4] - [23] . Models have been proposed to theoretically analyze the irreversible adsorption of colloidal particles. A very common model is the so-called random sequential adsorption (RSA) [5] , introduced to generate the structure of a monolayer. RSA takes the saturation of the surface into account but it cannot properly describe the transport process of the particles from the bulk. However, a kinetic equation for the RSA model has been proposed [6] in analogy with the so-called Langmuir equation [4] . Defining the coverage of a surface, θ, as πR 2 ρ s , ρ s being the number of adsorbed particles per unit area and R, the radius of the particles, one then writes
Here K a is a kinetic coefficient, ρ B is the particles' concentration in the bulk and Φ RSA (θ) is the available area at a given coverage for a new particle to adsorb. Some effort has also been done in constructing a model incorporating a description of the transport of free particles from the bulk to overcome the drawback of the simple RSA model. Shaaf et al. [8] found that the time-dependence of the surface coverage near saturation is changed with respect to that obtained from the pure RSA model (eq. (1)). Tarjus and Viot [10] later proposed an analytic model giving the structural properties as well as the kinetics of adsorption of disks onto a line. For three-dimensional systems, however, the kinetics of adsorption over all time ranges is only known from simulations [9] .
In this letter, we will develop a theoretical approach to describe the kinetics of the irreversible adsorption of a monolayer of colloidal particles onto adsorbing flat surfaces. We will take into account both, the diffusion of particles from the bulk solution as well as the saturation of the surface by the adsorbed particles. Our aim is thus to derive a kinetic equation (generalized Langmuir equation) describing the time-evolution of the coverage for a three-dimensional system, when the transport of particles in the vicinity of the adsorbing wall is dominated by diffusion (small Péclet number), stressing the interplay between diffusion and the shape of the particles in the process.
An extension of the one-dimensional theory [10] to the adsorption onto a two-dimensional surface cannot be carried out due to the complex geometry of the available surface wells across which the free particles can reach the surface. The procedure adopted here is to describe the transport of the free particles across the layer of adsorbed ones without explicit calculation of the structural properties of the layer. To this end, let us consider that the system of free particles is in local equilibrium, so that a local chemical potential can be defined [17] , [18] , [24] . Here, the local equilibrium hypothesis holds since Brownian motion permits the particles to explore large regions in space before they get adsorbed. Thus, one expects that the overall adsorption process is not determined by the local inhomogeneities of the layer of adsorbed particles but by its global properties, in the spirit of a mean-field approach. Similar methods have been recently used, for instance, to describe the kinetics of reversible surfactant adsorption at a fluid/fluid interface [24] . Therefore, considering that the suspension of the free particles is dilute (although they can interact with the adsorbed ones), one can write the local chemical potential, depending only on the z-direction, as
where γ ≡ z/2R is the dimensionless coordinate inthe z-direction, R being the radius of the particles. The origin of coordinates is thus taken at a distance R from the adsorbing plane so that z = 0 coincides with the centers of the adsorbed particles. Therefore, it is in the region 0 ≤ γ ≤ 1 that the interaction between the free and the adsorbed particles takes place.
This region will be referred to as the interaction layer from now on. The first term on the right-hand side of eq. (2) comes from the configurational contribution of an ensemble of free non-interacting particles, as in an ideal gas. If the bulk suspension were not dilute, additional contributions should have to be considered taking into account the interactions between free particles. The second term accounts for the accessible area for a free particle to move at a given height γ and at a given coverage θ, through the available surface function Φ(θ, γ). Note that Φ(θ, γ) is an external function that cannot be obtained in the framework of our theory. Unfortunately, there is no known analytic expression for Φ(θ, γ) for the adsorption process under discussion. However, we will later construct a reliable approximation for the available surface function. We will further assume that the chemical potential of the bulk corresponds to that of a dilute suspension of particles. This condition is satisfied in the simulations described in ref. [9] , in some experimental works [22] , [23] and is implicitly assumed in eq. (1). Hence, we will write
The transport of free particles from the bulk is described by a continuity equation of the form
where we have considered that the variables depend only on the z-direction through γ, and on the time. The flux of particles is given by J(γ) = −L(γ)∂µ(γ)/∂γ, where we have assumed a linear relation between the flux J(γ) and the thermodynamic force ∂µ(γ)/∂γ, L(γ) being a phenomenological coefficient in the spirit of Onsager's approach [25] . Inserting this expression of J(γ) into eq. (3) we arrive at a Smoluchowski equation for the density of the free particles inside the interaction layer:
where we have defined the diffusion coefficient D ≡ kT LR 2 /ρ assumed as constant from now on. Although hydrodynamic interactions can lead to a complex position and densitydependent diffusion coefficient, we use here the simplest approximation, to compare with in other theoretical approaches [8] - [10] . The second term on the right-hand side of eq. (4) is the entropic barrier induced by the adsorbed particles, through which the free ones have to diffuse to reach the wall. This entropic barrier depends on the coverage but also on the shape of the particles, and is essentially different from that found by Shaaf et al. [8] , only valid near saturation.
To obtain the kinetic equation, we assume that, after an initial time of the order of R 2 /D, the process is quasi-stationary, so that ∂ρ/∂t 0. This implies that J(γ) is a constant and equal in fact to the flux of particles reaching the adsorbing surface, J s , due to mass conservation. Thus, we have to express J s in terms of ρ B , taking into account the boundary conditions µ(γ = 1) = µ B and µ(γ = 0) → −∞. The first boundary condition assumes that the chemical potential is continuous through the upper boundary of the interaction layer. The second stands for an irreversible adsorption. This is equivalent to impose ρ(γ = 0) = 0, according to eq. (2), meaning that there are no free particles in contact with the surface. In the case of reversible adsorption, as in ref. [24] , a finite chemical potential for the adsorbed particles must be considered. The flux of particles reaching the surface in terms of ρ B is thus obtained by solving the differential equation
with the boundary conditions specified before. We then arrive at
Therefore, the equation for the density of the adsorbed particles has the form
This equation can be rewritten in terms of the coverage by multiplying both sides by πR 2 , yielding the main result of this work, a generalized Langmuir equation
Here we have defined the kinetic coefficient K a = Dπ. Note that in deriving this equation, diffusion of the particles has been taken into account from the diffusion eq. (4). On the other hand, the effect of the adsorbed particles is accounted for through the functional dependence of I(θ) on Φ(θ, γ), in view of eq. (6). Previous analyses were focussed on (1 + 1)-dimensional problems or near saturation for the (2 + 1)-dimensional case. Equation (8) gives, for the first time, a kinetic equation for the adsorption of spheres onto a flat solid surface valid not only near saturation but also at intermediate times, and accounting for both the diffusive transport of the free particles and the saturation of the interface.
In order to study the adsorption of spheres onto a flat solid surface from eq. (8), an explicit form for the available surface function has to be provided. Since no analytic expression is available, we construct a good approximation for Φ(θ, γ). Effectively, for a given coverage, the change of the available surface function with γ is due to the shape of the particles. It is easy to see that the area excluded at γ by a single adsorbed sphere is simply 4πR 2 (1 − γ 2 ). Thus, the available surface function can approximately be written as a function of one argument, according to Φ(θ, γ) Φ(θ(1 − γ 2 )). Furthermore, recent experimental results [23] indicate that the geometrical aspects of the adsorbed layer for real systems at small Péclet number are practically indistinguishable from those generated from RSA filling rules ( 1 ). Therefore, this allows us to further assume that Φ(θ, γ) Φ RSA (θ(1 − γ 2 )). In order to make numerical comparison with the simulation results explicit [9] , we present here a uniform approximation for the θ-dependence of Φ RSA as given in ref. [12] ,
where x ≡ θ/θ ∞ , θ ∞ being the coverage at saturation θ ∞ = 0.54. This expression for Φ RSA (θ) is obtained as a Padé approximant taking into account, on the one hand, the first three terms in the expansion of the available surface function in powers of the coverage, as analytically obtained by Schaaf et al. [13] . On the other hand, it also matches the behaviour of the available surface function near saturation as theoretically found in ref. [15] , [16] . Such a uniform approximation has been proved to be in very good agreement with numerical simulations of RSA [12] . Although eq. (9) is approximate, we want to point out that it is trivially exact at low coverage. At the same time, near saturation, I(θ) is dominated by the behaviour of the integrand in eq. (6) as γ → 0. Hence, eq. (9) is also exact near saturation since one has Φ(θ, γ → 0) → Φ RSA (θ).
( 1 ) This is no longer true if the gravitational effects dominate the transport of particles from the bulk towards the surface [22] , [23] . The asymptotic time-dependence near saturation for our model is obtained by analyzing the behaviour of I(θ) when θ → θ ∞ . The leading contribution of the integral in eq. (6) is dominated by the behaviour of the integrand as γ → 0. Thus, near saturation I(θ) behaves as I(θ) ∼ (θ ∞ − θ) 5/2 . Inserting this asymptotic behaviour in eq. (8) we find that θ ∞ − θ ∼ t −2/3 , which is the scaling law found by Schaaf et al. [8] . However, we can go beyond the calculations of ref. [8] because eq. (8) gives the evolution of the coverage in all the time range. We have to precise at this point that, at the very beginning of the deposition process, the quasi-stationarity condition breaks down. Thus, our analysis is valid only after this initial time range, which is of the order of R 2 /D, the only relevant time scale of our system. In particular, for all values of θ/θ ∞ we find a remarkable agreement between I(θ) obtained here and the results reported in ref. [9] , from simulations of diffusing spheres ( fig. 1 ). This is another important result of the present work, since it can be further used to compute the adsorption rate and concentration profiles of colloidal suspensions adsorbing on porous media, where only results arisen from the simple RSA model have been used [26] . We thus believe that, for this problem in particular, the use of eq. (8) instead of eq. (1) will lead to a significant improvement of the agreement between theoretical predictions and experimental results. In our treatment, we have considered the bulk as a reservoir where the density is constant, to compare with previous works [8] , [9] , [26] . This choice, therefore permits to deal only with the effects related to the interfacial phenomena, decoupling the kinetics of the surface from the dynamics of the bulk solution. Such behaviour can also arise in other systems provided that the kinetics of the surface is the limiting process [24] .
To emphasize the strength of the approach so far derived, let us consider a system in which the particles are cylinders (radius R and heigth 2R) that diffuse with their axis perpendicular to the adsorbing surface. In this case, the available surface function Φ is independent of γ. Thus, from eq. (6), one straightforwardly gets I(θ) = Φ RSA (θ). Therefore, for this system we have found the same kinetic equation as that proposed for the RSA model (eq. (1)). This fact also reinforces the validity of our approximate available surface function Φ(θ, γ) as given in eq. (9). Obviously, the asymptotic behaviour for the coverage near saturation for diffusing cylinders gives the RSA power law decay θ − θ ∞ ∼ t −1/2 . Our analysis, therefore, gives an interpretation of the previous simulation results [9] not only in the asymptotic limit, but at intermediate times. We have pointed out the collective effect of diffusion, blocking effect and the shape of the particles, on the kinetics of adsorption showing that the structure of the adsorbed layer can be treated in a mean-field approach. Due to the generality of the basic statements underlying our theory, one can envisage its use to the study of the kinetics of more complex systems as, for instance, suspensions of elongated particles, provided that the structural properties of the adsorbed layer are given. ***
